Abstract. In this paper, we prove that the even solution of the mean field equation ∆u = λ(1 − e u ) on S 2 must be axially symmetric when 4 < λ ≤ 8. In particular, zero is the only even solution for λ = 6. This implies the rigidity of Hawking mass for stable constant mean curvature(CMC) sphere with even symmetry.
Introduction
Consider the mean field equation Since (1.1) is invariant under adding a constant, we can normalize S 2 e u dω = 1, then (1.1) becomes (1.2) α 2 ∆u + e u − 1 = 0, on S 2 .
Recently, Gui and Moradifam [11] proved that for α ≥ Inspired by the above result, we study the case α ≥ 1 4 with even symmetry, i.e. u(x) = u(−x), and our result is Theorem 1. Let 1 4 ≤ α < 1 and assume u a solution of (1.2), u(x) = u(−x), then u must be axially symmetric, moreover if α = 1 3 then u = 0. The proof of Theorem 1 is based on the Sphere Covering Inequality and the nodal set analysis. The Sphere Covering Inequality in [11] is stated as follows: Lemma 1. Let Ω be a simply-connected subset of R 2 and assume w i ∈ C 2 (Ω), i=1,2 satisfy △w i + e wi = f i (y),
where f 2 ≥ f 1 ≥ 0 in Ω, if w 2 > w 1 in Ω and w 2 = w 1 on ∂Ω, then Ω (e w1 + e w2 )dy ≥ 8π.
Moreover, if the equality holds then f 1 ≡ f 2 ≡ 0.
The following is a consequence of Bol's inequality and the equimeasurable symmetric rearrangement (see Lemma 3.1 in [10] , Proposition 3.2 in [11] , Proposition 3.3 in [19] ) and can be regarded as a limiting case of the Sphere Covering Inequality.
Lemma 2.
Let Ω be a simply-connected subset of R 2 and assume that w ∈ C 2 (Ω) satisfies △w + e w > 0, in Ω and Ω e w dy ≤ 8π in Ω. Consider an open set ω ⊂ Ω and define λ 1,w (ω) = inf
Then ω e w dy > 4π.
One of our motivation for proving Theorem 1 is to study the rigidity problem on Hawking mass for surfaces in three manifolds with nonnegative scalar curvature. The Hawking mass is a quasi-local mass in mathematical theory of general relativity. It has played a very important role in proving the Penrose Inequality in both [5] and [13] . In [7] . Christodoulou and Yau prove that for a stable CM C sphere in nonnegative scalar curvature three manifold, the Hawking mass is nonnegative.
During his talk at ICM 2002 in Beijing, Bartnik proposed the rigidity problem on Hawking mass (see [2, P.235] ). In [25] , the second author proves the following:
[25] Let (M,g) be a complete Riemnnian three manifold with scalar curvature R(g) ≥ 0 and Ω ⊂ M be a domain with boundary Σ = ∂Ω. We further assume that Σ is a stable CMC sphere with m H (Σ) = 0, where m H (Σ) denotes the Hawking mass of Σ. Then Ω is isometric to a Euclidean ball in R 3 whenever the mean field equation
has only zero solution.
This reduces the rigidity problem on Hawking mass to the uniqueness of zero solution of (1.2) with α = 1 3 . In [25] , the author solved this uniqueness problem locally, that is, zero is the only solution for (1.2) with α = 1 3 which is sufficiently small. As a consequence, the second author proved the rigidity of Hawking mass for nearly round surface. Now by using Lemma 3 and Theorem 1, we can have Theorem 2. Let (M,g) be a complete Riemnnian three manifold with scalar curvature R(g) ≥ 0 and Ω ⊂ M be a domain with boundary Σ = ∂Ω, if Σ is a stable CMC sphere with even symmetry and m H (Σ) = 0, then Ω is isometric to a Euclidean ball in R 3 . In particular, Σ is isometric to the standard S 2 in R 3 .
Here , by even symmetry of Σ, we mean that there exists an isometry ρ : Σ → Σ satisfying: ρ 2 = id and ρ(x) = x for x ∈ Σ. There is also a hyperbolic version of the rigidity of Hawking mass: Theorem 3. Let (M,g) be a complete Riemnnian three manifold with scalar curvature R(g) ≥ −6 and Ω ⊂ M be a domain with boundary Σ = ∂Ω, if Σ is a stable CMC sphere with even symmetry and m H (Σ) = 0, then Ω isometric to a hyperbolic ball in H 3 .
We can also get the flatness for isoperimetric surface of sphere type:
Theorem 4. Let (M,g) be an asymtotically flat three manifold with scalar curvature R(g) ≥ 0. If there exists an isoperimetric sphere Σ with even symmetry and m H (Σ) = 0, then (M,g) is isometric to (R 3 , δ), where δ denotes the flat Euclidean metric.
There is also a hyperbolic version of this theorem:
Theorem 5. Let (M,g) be an asymptotically hyperbolic three manifold with scalar curvature R(g) ≥ −6. If there exists an isoperimetric sphere Σ with even symmetry and m H (Σ) = 0, then (M,g) is isometric to the hyperbolic space form (H 3 , g H ).
Remark 1. Using Theorem 1 and spectral gap we can prove Lemma 10 in section 4, which improves the local uniqueness result in [25] to a more precise form. By Lemma 10 we know that the even symmetry assumption can be replaced by the
Preliminaries
We give some basic notations to present our result. Let Σ ⊂ (M, g) be a surface with unit normal vector field n, second fundamental form A and mean curvature H. Definition 1. The Willmore functional of Σ is defined by:
Willmore functional appears naturally in general relativity in form of Hawking mass of a surface: Definition 2. The Hawking mass of Σ is defined by:
when R(g) ≥ −6. Definition 3. If H is constant along Σ, we say Σ is a CMC surface; The Jacobi operator of a CMC surface Σ is the second variation of area:
A CMC surface Σ is stable if the first eigenvalue of L Σ on mean zero functions is nonnegative
i.e. it satisfies the following stability condition:
We also want to study the isoperimetric surface in AF (resp.AH) three manifold, we will always use the bracket to denote asymptotic hyperbolic case after related asymptotic flat situations. 
for some R > 0, and in standard coordinate the metric g has the following properties:
, where r and ∂ denote the Euclidean distance and standard derivative operator on R 3 respectively. The region M \ K is called the end of M. The standard hyperbolic space (H 3 , g H ) is
We also need the following definition of isoperimetric surface.
Definition 5. Given a complete Riemannian 3-manifold (M,g), its isoperimetric profile with volume V is defined as Assume α > 0 and let λ = 2/α, then (1.2) is equivalent to
The mean field equation has been studied in various aspects, such as prescribed Gaussian curvature [16] , mean field model, Chern Simons Higgs model. This kind of equation may have bifurcation when approach λ = 2k, k ∈ N , so it may lose compactness. Ding, Jost, Li, Wang [8] [9] have studied the equation at the first eigenvalue, Li [17] has initiated study of the existence of solutions by computing the Leray-Schauder topological degree, Lin computed the degree on S 2 in [18] and surface of any genus [6] .
We have some integrability conditions for this equation from Kazdan-Warner [16] , this can help us to understand equation (3.1). On any two dimensional manifold M , we have this equality:
Lemma 4. For any smooth functions u and F on M , we have
where g is the Riemannian metric on M , ∇ 2 F is the Hessian of F .
Proof. We only need to prove
In fact,
Now we consider the equation on standard S 2 , take F as the first order spherical harmonics on S 2 , then we have
Proof. Take F = x i , i = 1, 2, 3 in formula (3.2), then we have
So we get
Integrating by part on both sides,
Since the integration of coordinate functions on S 2 vanishes, so we get (3.5)
We know from the above lemma that solutions of equation (3.1) must lie in M except λ = 2. In particular, for λ = 6, solution of equation (3.1) lies in M.
For λ = 2, Onofri [21] proved that the only solution of equation (3.1) in M is zero. From Lemma 5 and the result of Gui and Moradifam [11] , we know that for 0 < λ ≤ 4, λ = 2, the solution of equation (3.1) must be zero. Theorem 1 tells us that for 4 < λ ≤ 8, the even solution of equation (3.1) must be axially symmetric.
In the case 4 < λ < 6, the result of Lin [18] tells us that the degree of (3.1) is 0, since the solution u = 0 of (3.1) is non degenerate, it must have other solutions. Due to the possible blow up at λ → 6, we conjecture that for 4 < λ ≤ 6, the solution of equation (3.1) must be even, thus axially symmetric. This will imply that for λ = 6, the solution of equation (3.1) must be zero and will completely prove the rigidity of Hawking mass. If we take F as the second order spherical harmonics ∆F = −6F , then we have
We can prove that there are no nonzero axially symmetric solutions for λ = 6. Proposition 1. If u is an axially symmetric solution of
Proof. Without of loss of generality we can assume u axially symmetric about the x 1 axis,take second order spherical harmonic F = 3x
and that
Since u axially symmetric about the x 1 axis, u is a function of x 1 and ∇u is a multiple of ∇x 1 , which implies |∇x 1 · ∇u|
Inserting this into (3.10) and taking λ = 6, we have
so ∇u ≡ 0, ∆u ≡ 0 and u ≡ 0.
Remark 2. Proposition 1 is nontrivial since there are nonzero axially symmetric solutions for 4 < λ ≤ 8 and λ = 6. We refer the readers to Section 6 for more details. 
Proof. Since killing vector fields commute with the Laplace operator we have
which implies that
this completes the proof.
Solutions of (1.2)
We assume 0 < α < 1 and u a solution of (1.2), then u satisfies the condition S 2 e u dω = 1. When we write S 2 f, the volume element is induced from the metric g 0 , since the volume of S 2 is 4π, we have S 2 f = 4π S 2 f dω and S 2 e u = 4π. Following [10] let Π be the stereographic projection S 2 → R 2 , with respect to the north pole N = (0, 0, 1) :
Suppose u is a solution of (1.2), and let
Now if we let
and
in particular let B(0, r) = {y ∈ R 2 : |y| < r} and assume u even, then we have (4.3)
We first prove that if u is evenly symmetric about three orthogonal planes passing through the origin, then u is axially symmetric.
then X i u ≡ 0 for some i ∈ {1, 2, 3}, thus u is axially symmetric.
Proof. Notice that the condition is equivalent to
for ε 1 , ε 2 , ε 3 ∈ {±1}, and this implies that
that X i u = 0 on {x j = 0} ∩ S 2 and that
for {i, j} ⊂ {1, 2, 3}, ε i ∈ {±1}. Now suppose that X i u is not identically zero for every i ∈ {1, 2, 3}, let ϕ i = (X i u) • Π −1 , then ϕ i is not identically zero and by (3.16) we have (4.6)
Since X 1 u = 0 on ({x 2 = 0}∪{x 3 = 0})∩S 2 , we have ϕ 1 = 0 on {y 2 = 0}∪{|y| = 1}, in particular ϕ 1 = 0 on ∂Ω for Ω = B(0, 1) ∩ {y 2 < 0}. Using (4.5) and (4.2) we have
If Ω {ϕ 1 = 0} then the nodal line of ϕ 1 divides Ω into at least two regions Ω 1 , Ω 2 . By (4.6) we have which is a contradiction. Therefore ϕ 1 = 0 in Ω, ϕ 1 does not change sign in Ω, i.e. ∃ ε
which is contradict to Lemma 7. Therefore one of X i u is identically zero, this completes the proof.
We need the following result to prove the even symmetry about a plane.
Lemma 9. Let 1 4 ≤ α < 1 and u be a solution of (1.2), u(x) = u(−x). If P ∈ S 2 is a critical point of u, then u is evenly symmetric about the plane passing through the origin O and orthogonal to − − → OP .
Proof. Without of loss of generality we can assume P = (0, 0, 1), it is enough to prove that u is symmetric about the
Since u(x) = u(−x), we have u
2 is a critical point of u, we have ∇u
and v = 0 on ∂B(0, 1),
as y → 0, where Q(y) is a quadratic polynomial of degree m with m ≥ 2, in fact Q(y) = Re(a(y 1 + iy 2 ) m ) for some 0 = a ∈ C. Since − v(y) = v(−y), we have m odd and m ≥ 3. Thus, the nodal line {y : v(y) = 0} divides B(0, r) into 2m regions for some 0 < r < 1, we can order them in counterclockwise direction as V 1 , · · · , V 2m , then V j+m = −V j for 1 ≤ j ≤ m, and we can assume (−1) j v(y) > 0 in V j . Now we claim that { v = 0} ∩ B(0, 1) has at least four simply connected components Ω 1 , Ω 2 , If A has only one element, so has B, and V *
. Choose p j ∈ V * j ∩ ∂B(0, r) for 1 ≤ j ≤ 2m, then we can find curves γ j in V * j \ B(0, r) connecting p j and p j+2 for j = 1, 2, and γ 0 in V 1 ∪ V 2 ∪ V 3 connecting p 1 and p 3 , such that γ 0 ∩ ∂B(0, r) = γ 1 ∩ ∂B(0, r) = {p 1 , p 3 }, γ 2 ∩ ∂B(0, r) = {p 2 , p 4 } and γ * = γ 0 ∩ γ 1 is an embedded circle. Then p 2 and p 4 are separated by γ * and γ 2 ∩ γ 0 = γ 2 ∩ γ 1 = ∅, which is a contradiction.
Therefore A has more than one elements, say V * Proof of Theorem 1. Assume that P ∈ S 2 is a maximum point of u. Without of loss of generality we can assume P = (1, 0, 0), by Lemma 9 we have u(x 1 , x 2 , x 3 ) = u(−x 1 , x 2 , x 3 ). Let u 0 be the restriction of u to S 2 ∩ {x 1 = 0} and assume that Q ∈ S 2 is a maximum point of u 0 . Since u is symmetric about x 2 x 3 -plane, Q is also a critical point of u on S 2 . Without of loss of generality we can assume Q = (0, 1, 0), by Lemma 9 we have u(x 1 , x 2 , x 3 ) = u(x 1 , −x 2 , x 3 ). Now we have Notice that the eigenvalues of −∆ on S 2 are λ j = j(j + 1) for j ∈ Z, the eigenspaces E j = ker(∆+λ j ) (j ∈ Z, j ≥ 0) are orthogonal and complete in L 2 (S 2 ), E j is the space of jth spherical harmonics, in particular E 0 = span{1}, E 1 = span{x 1 , x 2 , x 3 }, f (x) = f (−x) for f ∈ E j , j even and −f (x) = f (−x) for f ∈ E j , j odd. Let P j be the orthogonal projection from L 2 (S 2 ) to E j then we have P j u * = (−1) j P j u and P j u = 0 for j even. Since λ = 2/α > 2, by Lemma 5 we have S 2 x i e u = S 2 x i = 0 and
which implies P 1 u = 0 and P 1 u * = 0, P 1 u = 0. Now we have P j u = 0 for j = 0, 1, 2 and (4.10) implies that
On the other hand since e u ≤ 6α in S 2 we have e u * ≤ 6α in S 2 and e
2 then we have c(x) = 6α and e tu(x)+(1−t)u * (x) = 6α for 0 ≤ t ≤ 1, therefore e u(x) = e u * (x) = 6α, which is a contradiction. Thus u ≡ 0 in S 2 , and u(x) = u * (x) = u(−x), by theorem 1 we know that u is axially symmetric. If α = 1 3 and e u ≤ 2 then e u * ≤ 6α and u(x) = u * (x) = u(−x), by theorem 1 we know that u ≡ 0. This completes the proof.
Rigidity of Hawking mass for surface with even symmetry
Now we can prove Theorem 2-5 as in [25] , we still need the following lemmas in the proof. The following rigidity result is some kind of positive mass theorem in compact case(see [20] , [22] , and [14] ).
Lemma 11. Let (M, g) be a compact orientable Riemannian 3-manifold with scalar curvature R(g) ≥ 0 and ∂M isometric to round S 2 with mean curvature H = 2. Then (M, g) is isometric to the unit ball in (R 3 , δ).
To prove Theorem 1 we need a rigidity result for hyperbolic case of sphere, see Theorem 3.8 in [23] by the first author and L. F. Tam.
Lemma 12. Let (M, g) be a compact orientable Riemannian 3-manifold with scalar curvature R(g) ≥ −6 and ∂M isometric to round S 2 with mean curvature H = 2 √ 2. Then (M, g) is isometric to the unit ball in hyperbolic space H 3 .
After Theorem 1, Lemma 11 and Lemma 12, now we are in the position to prove Theorem 2 and Theorem 3.
Proof of Theorem 2 and Theorem 3. If m H (Σ) = 0 on stable CM C surface Σ, without loss of generality, assume |Σ| = 4π, then H = 2(resp.H = 2 √ 2). From the proof in [25] we know that there exists a conformal map ϕ : Σ → S 2 ⊆ R 3 such that Σ ϕ = 0. Denote the metric on Σ as g = ϕ * (e u g 0 ) then u satisfies ∆u = 6(1 − e u ) on S 2 .
Let ρ : Σ → Σ be the isometry such that ρ 2 = id and ρ(x) = x for x ∈ Σ, then
thus (e u g 0 ) = ρ * (e u g 0 ). Assume ρ * g 0 = e v g 0 then u = u • ρ + v. Since ρ * g 0 has constant Gaussian curvature 1, v satisfies ∆v = 2(1 − e v ). Now we have
thus e v = 1, u = u • ρ and ρ is an isometry of S 2 . Now there exists an orthogonal matrix A ∈ O(3) such that ρx = Ax. Since ρ 2 = id, we have ρ 2 = id and A 2 = I 3 , the eigenvalues of A must be ±1. Since ρ(x) = x for x ∈ Σ, we have ρ(x) = x for x ∈ S 2 , and 1 is not an eigenvalue of A. Therefore the eigenvalues of A must be −1, which implies A = −I 3 and ρ(x) = −x, u(x) = u(−x). By Theorem 1 we know u = 0 and Σ is standard S 2 in R 3 . Then by Lemma 11(resp. Lemma 12), we conclude that Ω isometric to unit ball in R 3 (H 3 −1 ).
Remark 3.
Since the Gaussian curvature of Σ is K Σ = 3 − 2e −u for |Σ| = 4π, by Lemma 10 we know that if the even symmetry assumption in Theorem 2-5 is replaced by K Σ |Σ| 4π ≤ 2,then the result is still true.
Theorem 2(resp. Theorem 3)can help us to understand Willmore functional in manifold with scalar curvature R(g) ≥ 0(resp.R(g) ≥ −6). Corollary 1. Let (M,g) be a complete Riemnnian three manifold with scalar curvature R(g) ≥ 0(resp.R(g) ≥ −6), Σ = ∂Ω is a stable CMC sphere, then W (Σ) ≤ 4π. If Σ has even symmetry, then equality holds if and only if Σ is standard S 2 and Ω isometric to unit ball in R 3 (resp.H 3 ).
In order to prove Theorem 4 we need the following isoperimetric inequality of [24] which also plays a key role in proving the existence of isoperimetric surface for all volume in AF three manifold. It says that if there exists a Euclidean ball in an AF manifold with nonnegative scalar curvature, then the AF manifold must be R 3 .
Lemma 13.
[24] Suppose (M, g) is an AF manifold with scalar curvature R(g) ≥ 0. Then for any V > 0
There is a V 0 > 0 with
if and only if (M, g) is isometric to R 3 .
Also there has an analogous result for isoperimetric profile on AH manifold, see Propostion 3.3 in [15] . by the rigidity part of Lemma 13, we conclude that (M, g) is isometric to R 3 . Theorem 5 follows similarly by Theorem 3 and Lemma 14.
A final remark
In this section, we give a sketched proof for the existence of nonzero axially symmetric solutions of (1.2) for . We will also discuss the uniqueness of these solutions.
We will adopt some notations in [18] . Let 0 < α < 1 and u a solution of (1.2), we write λ = 2/α = l + 2 and
where Π −1 is defined in Section 4. Then u satisfies
Let w(r; s) be the unique solution of Set β 0 = min s∈R β(s), if β 0 < 2λ, then β(s) = 2λ has at least two solutions, consequently, (1.2) has at least two solutions which are axially symmetric about the x 3 axis. On the other hand, the solution of (6.3) given by w(r; s) = −λ ln(1 + |y| 2 ) + ln(8/α), s = ln(8/α) = ln(4λ) corresponds to the trivial solution u ≡ 0 on S 2 , therefore, we have β(s) = 2λ for s = ln(4l), ifβ(s) = 0 for s = ln(4l), then the linearized equation of (1.2) at u ≡ 0 must be singular and λ is an eigenvalue of −∆ on S 2 , λ = k(k +1) for a nonnegative integer k. Therefore, if 4 < λ ≤ 8 and λ = 6, thenβ(s) = 0 for s = ln(4l) and ln(4l) is not the minimum point of β(s), β 0 < β(ln(4l)) = 2λ and (1.2) has nonzero axially symmetric solutions.
We can also prove the uniqueness of nonzero axially symmetric solutions about the x 3 axis for 0 < |λ − 6| < δ 0 for a sufficiently small δ 0 . In fact,we haveβ(s) > 0 for s = ln(4l), λ = 6, andβ(s) is continuous with respect to s and λ, which implies β(s) > 0 for |s − ln(4l)| < δ 1 , |λ − 6| < δ 1 , here δ 1 > 0 is a constant, therefore β(s) = 2λ, |s − ln(4l)| < δ 1 , has at most two solutions for |λ − 6| < δ 1 , here δ 1 > 0 is a constant. Now we only need to prove the existence of 0 < δ 0 < δ 1 such that axially symmetric solutions of (1.2) satisfy |u| < δ 1 for |λ−6| < δ 0 , if this is not true then there exists a sequence of axially symmetric solutions u i about the x 3 axis of (1.2) with λ = λ i tending to 6 such that u i L ∞ ≥ δ 1 , by using a result of Li in [17] and taking a subsequence if necessary, we may assume that u i converge uniformly to a solution of (1.2) with λ = 6 or blowing up at k points. In the first case, by Proposition 1, we have u i converge uniformly to 0, a contradiction. In the second case, we have λ = 6 = 2k, since u i are axially symmetric about the x 3 axis, the blow up points must lie in {(0, 0, ±1)} and k ≤ 2, this leads to a contradiction. This will enable us to conclude the uniqueness of nonzero axially symmetric solutions about the x 3 axis for 0 < |λ − 6| < δ 0 .
It would be very interesting to study exactly how many non-zero solutions of (1.2) for any given α (module rotations) and whether or not they are axially symmetric.
